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Abstract
We introduce a novel formalism to investigate the role of the spin angular momentum of astro-
physical black holes in influencing the behaviour of low angular momentum general relativis-
tic accretion. We propose a metric independent analysis of axisymmetric general relativistic
flow, and consequently formulate the space and time dependent equations describing the general
relativistic hydrodynamic accretion flow in the Kerr metric. The associated stationary critical
solutions for such flow equations are provided and the stability of the stationary transonic con-
figuration is examined using an elegant linear perturbation technique. We examine the properties
of infalling material for both prograde and retrograde accretion as a function of the Kerr param-
eter at extremely close proximity to the event horizon. Our formalism can be used to identify
a new spectral signature of black hole spin, and has the potential of performing the black hole
shadow imaging corresponding to the low angular momentum accretion flow.
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1. Introduction
Astrophysical black holes are the terminal states of the gravitational collapse of massive celes-
tial objects. They can be conceived as singularities in space time censored by a mathematically
defined ‘one way barrier’ – the event horizon, and are not amenable to any direct physical obser-
vation. As a result, their presence can only be realized through the gravitational influence they
exert on the matter falling onto those objects. The infalling matter inevitably plunges through
the event horizon on a relativistic scale of velocity. Given a set of physically realizable outer
boundary conditions, such accretion eventually manifests transonic properties in order to obey
the inner boundary conditions [1]. Subsonic at a large distance, accretion thus reaches the event
horizon supersonically.
The hypothesis that most (if not all) of the supermassive black holes and the stellar mass
black holes powering the active galactic nuclei and the galactic microquasars, respectively, pos-
sess non-zero values of the spin angular momentum has gained widespread acceptance in recent
times [2–21]. The black hole spin plays a deterministic role in influencing various characteristic
features of the dynamical and the spectral features of accretion and related phenomena in the
characteristic metric – the energy extraction from a spinning black hole through the Blandford-
Znajek Mechanism [13, 22–24], the spin dependence of the black hole shadow imaging [25–31],
various evolutionary properties of the normal and the active galaxies [32–34], QPO associated
with the Galactic and the extra-galactic sources [35–41], and the Quasar X-ray micro-lensing
[42], to mention a few.
Our investigation of how the black hole spin angular momentum influences the dynamical
and the radiative behaviour of the general relativistic transonic accretion at the close vicinity of
the event horizon of a rotating black hole has been motivated by the set of works referred in the
previous paragraphs. The prime objective of this paper is to investigate what properties of the
low angular momentum shocked accretion flow are the principal attributes of the black hole spin
in extremely close proximity to the event horizon of a Kerr [43] black hole.
To accomplish our task, we conduct a detailed and multi-step investigation of the transonic
properties of general relativistic axisymmetric hydrodynamic inviscid accretion of low angular
momentum as realized on the equatorial plane of the Kerr metric using the Boyer Lindquist
[44] coordinates. We begin with a general prescription where we consider a four dimensional
stationary axisymmetric manifold with two commuting Killing vector fields and subsequently
construct the general relativistic Euler and the continuity equations from the appropriate energy
momentum tensor. Quite interestingly, we have been able to demonstrate, using certain sym-
metry arguments, that for the three dimensional submanifold the fluid equations are separable
using analytical scheme and the corresponding flow velocity components can be completely de-
termined once the equation of state is specified. We thus formulate a general framework for
studying the equations for fluid flow in a rotating black hole spacetime.
The transonic flow properties in the phase portrait, however, can not be determined ana-
lytically because of certain issues which will be elaborated in the subsequent sections. The
emergence of the multi-transonic behaviour manifests through the critical point analysis. Such
multi-transonic accretion solution, as we will see in the subsequent sections, may contain a sta-
tionary shock, properties of which are obtained by the explicit solution of the general relativistic
Rankine-Hugoniot conditions. The properties of the post shock flow are then studied as a func-
tion of the black hole spin – the Kerr parameter, a. The post shock flow solutions are then
followed up to a sufficiently close proximity of the event horizon to demonstrate how the ter-
minal values of the shocked accretion variables are influenced by the black hole spin angular
2
momentum, and the consequences of such dependence are discussed in detail.
The entire formalism developed to study the spin dependence of the behaviour of accreting
matter close to the event horizon as described above is based on the stationary integral solutions
of the differential equations describing the accretion phenomena. Along with the understanding
of the transonic behaviour of the stationary flow solutions, it is rather necessary to ensure the
stability of such stationary configurations. This stability study can be accomplished by studying
the time evolution of a linear acoustic like perturbation in the full time dependent flow equations.
The existence of the stable stationary transonic solution is associated with the non-divergent am-
plitude of the linear perturbation of such category. In this work, we develop a novel perturbation
scheme applicable to the axisymmetric potential flow as realized on the equatorial plane of the
Kerr metric. We perturb the velocity potential corresponding to the advective velocity of the low
angular momentum accretion considered in our work and demonstrate that such perturbations do
not diverge for astrophysically relevant time scales. We thus formally establish the consistency
of the formalism, which, for the first time in the literature, has been introduced in the present
work to study the black hole spin dependence of the terminal behaviour of shocked accreting
material very close to the event horizon of a Kerr black hole.
2. Multi-transonicity in black hole accretion: retrospective and contemporary aspects
For accretion onto astrophysical black holes, the transonicity is characterized by a transition
from the subsonic state (M < 1, where M is the Mach number of the flow) to the supersonic
state (M > 1), or vice versa. For the present work, the Mach number M is considered to be
the local radial Mach number for stationary transonic accretion solutions and is defined to be
the ratio of the local advective velocity u (defined in subsequent sections) and the local speed
of the propagation of the acoustic perturbation (local barotropic sound speed) cs as defined in
subsequent sections. Such a transition may be a regular one through the sonic point and is
associated with the transition of M < 1 −→ M > 1 type or may be a discontinuous one through
a stationary shock and is associated with the M > 1 −→ M < 1 type transition. The non linear
equations describing the steady, inviscid stationary axisymmetric flow can be tailored to form
a first order autonomous dynamical system [45–48]. The physical transonic accretion solution
for the stationary axisymmetric flow can formally be realized as critical solution on the phase
portrait spanned by M and the radial distance r measured along the equatorial plane – see, e.g.,
[49, 50] and references therein.
For low angular momentum sub-Keplerian accretion, such transonic features may be exhib-
ited more than once on the phase portrait of the stationary solutions. Such multi-transonicity as
well as the resulting shock formation phenomena for axisymmetric accretion under the influence
of various post Newtonian potentials, mainly, under the influence of the Paczyn´ski–Wiita [51]
pseudo-Schwarzschild potential5, has been widely studied in the literature, see e.g., [1, 53–62]
and references therein.
A regular stationary accretion solution cannot encounter more than one transonic points. A
multi-transonicity implies a particular flow configuration with three critical points where two
transonic solutions through two different saddle type critical points are connected by a discon-
tinuous stationary shock transition. The inner boundary condition imposed by the event horizon
5It is usually believed that the Paczyn´ski–Wiita [51] pseudo-Schwarzschild potential is the most effective one among
all the approximate non-rotating black hole potentials introduced in the literature so far – see, e.g., [52, 53] and references
therein, for further detail.
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indicates that such a combined multi-transonic shocked solution originates from a large distance
as a subsonic flow and encounters the outermost saddle type sonic point to become supersonic
for the fist time. Subjected to the appropriate initial boundary conditions, such supersonic flow
makes a M > 1 −→ M < 1 type discontinuous transition through a stationary shock and the
shock induced subsonic flow becomes supersonic again at the innermost saddle type sonic point.
One expects that a shock formation in black-hole accretion discs might be a general phe-
nomenon because shock waves in rotating astrophysical flows potentially provide an important
and efficient mechanism for conversion of a significant amount of the gravitational energy into
radiation by randomizing the directed infall motion of the accreting fluid. Hence, the shocks play
an important role in governing the overall dynamical and radiative processes taking place in as-
trophysical fluids accreting onto black holes. The hot and dense post shock flow is considered to
be a powerful diagnostic tool in understanding various astrophysical phenomena [35, 37, 63–67,
and references therein].
The idea of shock formation in black hole accretion flow has been, however, contested by
some authors (see, e.g., [68] and references therein for a review). Nevertheless, the issue of
not finding shocks in such works perhaps lies in the fact that only one sonic point close to the
black hole may usually be explored using the framework of the shock free advection dominated
accretion flow solutions. Also to be emphasized is that the concept of low angular momentum
flow (capable of providing the favourable configuration of the formation of standing shock) is
not a theoretical abstraction and sub-Keplerian flows are observed in nature as reality. Such
flow configurations may be observed for detached binary systems fed by accretion from OB
stellar winds [69, 70], semi-detached low-mass non-magnetic binaries [71], and super-massive
black holes fed by accretion from slowly rotating central stellar clusters [72, 73, and references
therein]. Even for a standard Keplerian accretion disc, turbulence may produce such low angular
momentum flow [see, e.g. 74, and references therein].
Multi-transonicity in black hole accretion has been addressed using the general relativistic
framework as well. The legacy of the pioneering contributions by [75] and [76] to study the
general relativistic axisymmetric black hole accretion in the Kerr metric followed two different
avenues, quite often in a non overlapping fashion. One school of thought essentially studied the
transonic accretion without paying much attention to the appearance of the multi-transonicity
and the formation of shock, but rather putting emphasis on other crucial behaviours of the flow,
see, e.g., [77–85], and references therein.
The appearance of the multiple critical points in general relativistic flow onto a spinning black
hole was observed and consequently the formation of the standing shock has been conjectured
in the alternative set of (sometime contesting the aforementioned category of work dealing with
accretion flow without the appearance of shock transition) literature, with the main motivation to
explain the spectral state by incorporating the physics of the post shock accretion flow, as already
mentioned. The profound work by [86] is credited to be the first ever comprehensive work in the
literature which provides the complete formalism for the shock formation in a general relativistic
multi-critical accretion flow, although it is worth mentioning that even before [86], multiplicity
in the critical points for the general relativistic axisymmetric flow was addressed [87, 88] without
mentioning the issue of the shock formation. By revisiting the concept of the Keplerian circular
motion for rotating fluids in general relativity. [89] intuitively explained certain issues related to
the shock formation for multi-transonic accretion onto a Kerr black hole.
The full general relativistic formalism introduced by [87, 88] and [86] was followed by
[90, 91] where a non relativistic calculation for the shock formation for accretion and other
related issues were erroneously incorporated within the relativistic framework and some of the
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results valid for the isothermal flow had directly been applied to study the polytropic flow with-
out appropriate justification. [92–95] used the general relativistic shock condition to study the
multi-transonic flow for the conical model6. [81] studied the general relativistic accretion for
multi-transonic flow but the shock formation mechanism was not studied in sufficient detail.
While all the above works concentrated on polytropic accretion, shock transitions in general rel-
ativistic isothermal flows were discussed in [96–98]. Shocked accretion for MHD flows in Kerr
geometry has also been studied [99–101].
Meanwhile, it was realized that it is instructive to incorporate an expression for the flow
thickness for flow in hydrostatic equilibrium in the vertical direction such that the corresponding
flow equation will remain non singular on the horizon. Both the thin accretion disc as well as
the quasi-spherical flow structure can be accommodated using such a disc height. [102] provided
such an expression for the general flow structure. The disc height introduced by [102] had further
been modified to study the multi-transonic flow structure around Kerr black holes in [50, 103,
104].
Owing to the strong curvature of space time close to the black hole, accreting fluid is expected
to manifest extreme behaviour just before plunging into the event horizon. The spectral signature
of this tremendously hot ultra fast matter with its characteristic density and pressure profile is
expected to provide the key features of the strong gravity space time to the close proximity
of the event horizon. A detailed study of the role of the black hole spin angular momentum
in influencing the dynamical features of the transonic matter close to the event horizon is thus
very important to perform to understand the salient features of the general relativistic black hole
space time, and, in turn, to understand the physical properties of the Kerr metric itself. [82]
and [83] were the first to make attempt to understand the flow properties close to the black hole
by studying the general relativistic optically thin advection dominated accretion flow (ADAF)
in the Kerr metric. Later on, [105] applied the method of post Newtonian asymptotic analysis
to investigate the properties of the inner region of ADAF to obtain their results that has been
argued to be in agreement with the relativistic flow description. Subsequently, [103] studied the
influence of black hole spin in determining the properties of the accretion variables sufficiently
close to the event horizon for multi-transonic flow, although the shock conditions were not taken
into account in their work. It has recently been demonstrated that the multi-transonicity can only
be realized through the presence of a standing shock since a smooth flow can never make more
than one regular sonic transition [104].
We would like to study the behaviour of the low angular momentum multi-transonic shocked
accretion extremely close to the black hole event horizon. The present work differs from all
previous works on general relativistic accretion, including [82, 83] and [103]. Not only a multi-
transonic shocked flow has been studied at the close vicinity of the event horizon to understand
the role of the black hole spin angular momentum on determining the salient features of such
flow, a complete description of the linear perturbation analysis has also been provided in our
present paper which ensures the stability of such accretion solutions. In addition, a formal ana-
lytical description for the general fluid flow in axisymmetric black hole space time has also been
provided.
We introduce the stationary integral flow solutions with standing shocks by solving the rel-
ativistic Rankine-Hugoniot conditions, and study the behaviour of the post shock flow upto the
very close proximity of the horizon. We then compare such results with the hypothetical flow
6The conical model for the accretion was first introduced in [54] for flow under the influence of the [51] black hole
potential.
5
solutions for which the flow would not pass through a shock (and hence would behave like a
mono-transonic flow passing through the saddle type outermost sonic point formed at a large
distance from the black hole event horizon) for the same set of initial boundary conditions de-
scribing the flow. This allows us to understand whether the shock formation phenomena can
alter the dynamical and thermodynamic state of matter extremely close to the event horizon and
whether such change may show up through the spectral properties of the black hole candidates.
From recent theoretical and observational findings, the relevance of the counter-rotating ac-
cretion in black hole astrophysics is being increasingly evident [11–13, 106]. It is thus instructive
to study whether the characteristic features of the terminal values of the accretion variables for
the prograde flow differ considerably from those of the retrograde flow. To the best of our knowl-
edge, our work presents the first detailed spin dependence of the terminal behaviour of infalling
matter for retrograde accretion onto a Kerr black hole using the complete general relativistic
framework, as well as study the comparison between the prograde and the retrograde flow in this
context.
We, however, do not explicitly consider the viscous transport of the angular momentum and
the specific angular momentum of the accretion flow has been taken to be invariant. Reasonably
large radial advective velocity for the slowly rotating sub-Keplerian flow implies that the infall
time scale is considerably shorter than the viscous time scale for the flow profile considered in
this work. Large radial velocities even at larger distances are due to the fact that the angular
momentum content of the accreting fluid is relatively low [107–109]. The assumption of inviscid
flow for the accretion profile under consideration may thus be justified from an astrophysical
point of view. Such inviscid configuration has also been addressed by other authors using detailed
numerical simulation works [67, 109, 110].
3. Metric independent formulation of velocity profile for most general axisymmetric space-
time
We consider a generic (3+1) stationary axisymmetric space-time endowed with two commut-
ing Killing vector fields, within which the three dimensional general relativistic fluid (without
the back reaction) field will be examined. In such a space-time, the combined Euler and the
continuity equation take the form
vµ∇µvν +
c2s
ρ
∇µρ (gµν + vµvν) = 0, (1)
where vµ is the time like fibre bundle (a tangent vector field in the present context) defined on the
manifold constructed by the family of streamlines. The normalisation condition corresponding
to the velocity vector field vµ is taken to be vµvµ = −1. cs is the speed of propagation of the
acoustic perturbation embedded in the accreting fluid and ρ is the local rest mass energy density
of the fluid. For a single temperature fluid ρ can be replaced by the particle number density.
For a stationary axisymmetric manifold of dimension four endowed with two Killing vector
fields ξµ and φµ one has
∇(µξν) = 0 = ∇(µφν) (2)
The locally timelike Killing vector field ξµ (of norm ς) is the generator of stationarity whereas
the locally spacelike Killing field φµ (of norm ϕ) with closed spacelike integral curves generates
the axisymmetry. It is usually not possible to obtain any orthogonal basis for the space-time of
our consideration since ξµφµ , 0 for stationary axisymmetric space-time. We would intend to
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specify an orthogonal basis using which the space time metric can directly be expressed. To
accomplish such task we first define
Υµ := ξµ −
(ξ.φ)
(φ.φ)φµ ≡ ξµ − ιφµ, (3)
and it is generically observed that Υµφµ = 0. Norm of Υµ can thus be expressed as,
ΥµΥ
µ
= −(−ς2 + ι2ϕ2) = −̟2, (4)
where Υµ is timelike and ̟2 is positive. The metric element can now be expressed in the orthog-
onal bases as follows
gµν = −̟−2ΥµΥν + ϕ−2φµφν + R−2RµRν + ϑ−2ΘµΘν, (5)
{Rµ,Θµ} being the spacelike basis vectors orthogonal to {Υµ, φµ}. For a stationary axisymmetric
space-time the hypersurface ς2 = 0 defines an ergosphere rather than the horizon. ς2 is negative
inside the ergosphere since ξµ is spacelike in that region. On the other hand, a compact ̟2 = 0
hypersurface defines a Killing horizon which is a black hole event horizon for our consideration.
This can be demonstrated by constructing the null geodesic congruence on such a surface.
The formalism developed in the previous paragraphs is valid for a very general kind of sta-
tionary axisymmetric space-time, which includes, but certainly not limited to, the space-time
defined by the Kerr family of solutions. With reference to eq. (5), the normalisation condition
for velocity vector field may be expressed as
vµvνgµν = −ς−2v20 + ϕ−2v21 + R−2v22 + ϑ−2v23 = −1, (6)
where v0 = vµΥµ etc. are scalars. Contracting the equation (1) with ξµ we obtain
vµ∇µ(vνξν) +
c2s
ρ
[
ξµ∇µρ + (ξµvµ)vν∇νρ
]
= 0, (7)
where vµvν∇µξν = 12 vµvν∇(µξν) = 0 is ensured by virtue of the killing equation, i.e. eq. (2).
Through similar procedure we also obtain
vµ∇µv1 +
c2s
ρ
[
φµ∇µρ + v1vν∇νρ
]
= 0. (8)
Note that all the differential terms appearing in Eqs. (7-8) involve partial derivatives only, since
vµξ
µ and v1 are scalars.
Since we consider the stationary, axisymmetric flow in three dimensions, all the directional
partial derivatives with respect to ξµ and φµ vanishes to yield,
dv1
dR +
c2s
ρ
v1
dρ
dR = 0, (9)
from eq. (8), R being a parameter along Rµ. Integration of eq. (9) provides
v1 = A exp
(
−
∫
c2s
ρ
dR
)
, (10)
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A being a constant to be evaluated using the initial boundary conditions.
In a similar fashion, eq. (7) provides the expression for vµξµ, which will formally be same as
v1 upto an integration constant, since ξµ is a Killing vector field. One thus finds,
v0 = vµξ
µ − ιvµφµ. (11)
Substitution of v0 from eq. (11) and v1 from eq. (10) into eq. (6) provides the expression of v2.
In this section we thus provide a general formalism for evaluating all relevant bulk velocity
components of a rotating accretion flow in a most general axisymmetric space-time. {v0, v1, v2}
are, however, the general solutions and exact estimation of their specific numerical values for a
particular flow configuration in a predetermined black hole metric is a rather involved procedure
since the integration constant appearing in the expressions of {v0, v1, v2} can be evaluated if and
only if the appropriate set of the initial boundary conditions are provided. More importantly, the
sound speed as well as the rest mass energy density is to be known a priori to find the specific
values of {vi}. For our specific purpose, however, the axisymmetric space-time metric is of Kerr
type, and {vi} ≡
{
vt, vr, vθ, vφ
}
, for which, the initial boundary conditions cannot be evaluated
analytically for barotropic equation of state and for a certain geometric configuration of the
accreting fluid. cs and ρ are not specified a priori.
Procedure described in this section so far for finding the general solution of {vi} is thus useful
for the flow configuration with known value of {cs, ρ} and initial boundary conditions. Axisym-
metric low angular momentum accretion onto an astrophysical black hole however constitutes
a complex gravitational system for which such predetermined set of information is not readily
available in general. In subsequent sections, we thus plan to develop a metric specific formalism
to understand the spatial velocity profile of the stationary axisymmetric flow.
4. Space-time metric and the conservation equations
Hereafter, radial distances will be scaled in units of GMBH/c2 and associated will be scaled
by c, where G, MBH and c are universal gravitational constant, mass of the black hole and speed
of light in vacuum, respectively. G = c = MBH = 1 is adopted. The allowed domain of a, the
Kerr parameter is taken as −1 < a < 1 as usual.
Using Boyer-Lindquist [44] co-ordinates, the corresponding metric element for the Kerr fam-
ily of solutions in the spherical polar co-ordinate can be expressed as
ds2 = −
(
1 − 2
µr
)
dt2 + µr
∆
dr2+µr2dθ2 − 4a sin
2 θ
µr
dtdφ
+ r2 sin2 θ
(
1 + a
2
r2
+
2a2 sin2 θ
µr3
)
dφ2, (12)
where θ is the polar angle, µ = 1 + a2
r2
cos2 θ and ∆ = r2 − 2r + a2.
The corresponding covariant metric components are obtained as
gtt = −
(
1 − 2
µr
)
. grr =
µr2
∆
. gθθ = µr2,
gtφ = gφt = −
2a sin2 θ
µr
.
gφφ = r2 sin2 θ
(
1 +
a2
r2
+
2a2 sin2 θ
µr3
)
.
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Associated contravariant elements can thus be written as
gtt = − gφφ
g2tφ − gttgφφ
= −
[
1 + 2r
µ∆
(
1 + a
2
r2
)]
,
grr =
1
grr
=
∆
µr2
,
gθθ =
1
gθθ
=
1
µr2
,
gtφ = gφt =
gtφ
g2tφ − gttgφφ
= − 2a
µ∆r
,
gφφ = − gφφ
g2tφ − gttgφφ
= −
(
1 − 2
µr
)
∆ sin2 θ
.
We, however, will be working on the stationary flow configuration on the equatorial plane (as
defined by |θ − π/2| ≪ 1 in [76]. The line element on the equatorial slice is expressed as
ds2eq = (gtt)eqdt2 + (grr)eqdr2 + (gθθ)eqdθ2 + 2(gtφ)eqdtdφ + (gφφ)eqdφ2; (13)
where the subscript ‘eq’ implies that the corresponding values are evaluated at the equatorial
plane.
Hence,
(gtt)eq = −
(
1 − 2
r
)
, (14a)
(grr)eq = r
2
∆
, (14b)
(gθθ)eq = r2, (14c)
(gtφ)eq = (gφt)eq = −2a
r
, (14d)
(gφφ)eq = A
r2
; (14e)
where A = r4 + r2a2 + 2ra2. The corresponding contravariant metric elements can thus be
evaluated as,
(gtt)eq = −
(gφφ)eq
(gtφ)2eq − (gtt)eq(gφφ)eq
= − A
∆r2
, (15a)
(grr)eq = 1(grr)eq =
∆
r2
, (15b)
(gθθ)eq = 1(gθθ)eq =
1
r2
, (15c)
(gtφ)eq =
(gtφ)eq
(gtφ)2eq − (gtt)eq(gφφ)eq
= −2a
∆r
, (15d)
(gφφ)eq = −
(gφφ)eq
(gtφ)2eq − (gtt)eq(gφφ)eq
= −
(
1 − 2
r
)
∆
. (15e)
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Hereafter we drop all the ‘eq’ subscripts for the sake of brevity. Any gµν or gµν will thus
explicitly imply that the corresponding metric element has been evaluated on the equatorial plane.
Using the cylindrical polar co-ordinate the corresponding metric on the equatorial plane can be
expressed as,
ds2 = gµνdxµdxν
= − r
2
∆
A
dt2 + r
2
∆
dr2 + A
r2
(dφ − ωdt) + dz2, (16)
where z = r cos θ, ω = 2ar/A and gzz = 1.
For the metric element expressed using (r, θ, φ), g(r,θ,φ) ≡ det(gµν) = −r4, whereas for ds2
expressed using (r, φ, z), g(r,φ,z) = −r2. Calculations presented in this work will mainly be based
on the line element as expressed in eq. (16).
In this work, the polytropic equation of state of the following form
p = Kργ (17)
is considered to describe the flow, where the polytropic index γ (which is equal to the ratio of the
specific heat, at constant pressure and volume, Cp and Cv, respectively) of the accreting material
is assumed to be constant throughout the fluid. A more realistic flow model would perhaps
requires the implementation of a variable polytropic index having a functional dependence on the
radial distance of the form γ ≡ γ(r) [111, 112]. However, we have performed our calculations
for a reasonably broad spectrum of γ and thus believe that all astrophysically relevant polytropic
indices are covered in our analysis.
The proportionality constant K in Eq. (17) is related to the specific entropy of the accreting
fluid (provided no additional entropy generation takes place). Subjected to the condition that the
Clapeyron equation of the form (kB, µ and mp ∼ mH being the locally measured flow temperature,
the mean molecular weight, and the mass of the singly ionised hydrogen atom, respectively)
p =
kB
µmp
ρT, (18)
holds in addition to Eq. (17)). The entropy per particle of an ensemble may be expressed as [113]
σ =
1
γ − 1 log K +
γ
γ − 1 + constant;
where the constant depends on the chemical composition of the accreting matter. K in eq. (17)
can now be interpreted as a measure of the specific entropy of the accreting matter.
The specific enthalpy h is formulated as
h = p + ǫ
ρ
, (19)
where the energy density ǫ includes the rest mass density and internal energy, and
ǫ = ρ +
p
γ − 1 . (20)
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Using expression of ǫ from Eq. (20) and the expression of p from Eq. (17), the expression
for specific enthalpy h, as formulated in Eq. (19), turns out to be
h = 1 + γKρ
γ−1
γ − 1 (21)
The adiabatic sound speed cs is defined as
c2s =
(
∂p
∂ǫ
)
h
. (22)
The specific enthalpy may thus be written in terms of c2s as
h = γ − 1
γ − (1 + c2s)
. (23)
The energy-momentum tensor of an ideal fluid is introduced as
T µν = (ǫ + p)vµvν + pgµν.
Vanishing of the four divergence of the energy momentum tensor provides the general relativistic
version of the Euler equation i.e.
T µν;ν = 0. (24)
The continuity equation is obtained from
(ρvµ);µ = 0. (25)
We have defined two Killing vectors ξµ = δµt and φµ = δ
µ
φ corresponding to stationarity and
axisymmetry of the flow, respectively.
We now contract Eq. (24) with φµ to obtain,
φµ
[(ǫ + p)vµvν];ν + φµp,νgµν = 0.
But φνp,ν = 0 due to axisymmetry, hence
φµ
[(ǫ + p)vµvν];ν = 0,
which further provides,
gµφ
[(ǫ + p)vµvν];ν = 0, (26)
since φµ = δµφ. Since gµλ;ν = 0, Eq. (26) can be written as[
gµφ(ǫ + p)vµvν
]
;ν
= 0;
from where we obtain [
φµhvν
]
;ν
= 0. (27)
From Eq. (27) one thus infers φµhvµ = hvφ. Hence hvφ, the angular momentum per baryon for
the axisymmetric flow, is conserved.
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It can also be shown (see, e.g., [114] and references therein) that the quantity vφvt, which is
the angular momentum per unit inertial mass, is conserved for an iso-entropic flow. The world
lines along which vφvt remains constant is a solution of the general relativistic Euler equation.
In a similar way, we contract Eq.(24) with ξµ
ξµT µν;ν = 0,
to demonstrate that hvt to be another conserved quantity. Hereafter, hvt will be interpreted as the
specific energy of the flow and will be denoted be E (scaled in units of m0c2 using the system
of units adopted in this work). For polytropic adiabatic accretion, E is a first integral of motion
along a streamline, and can be identified with the relativistic Bernoulli’s constant [115].
The angular velocity of the flow Ω can be defined in terms of the specific angular momentum
λ, where
λ = −vφ
vt
,
as
Ω =
vφ
vt
= − gtφ + gttλ
gφφ + gtφλ
=
r [2a + λ(r − 2)]
A − 2aλr .
The normalisation condition vµvµ = −1 provides
vtvt + v
rvr + v
φvφ = −1.
In terms of the angular velocity Ω and the specific angular momentum λ, one writes
vtvt + v
rvr + Ωv
t(−λvt) = −1 (28)
Since v2 ≡ − vrvr
vtvt
, one re writes eq. (28) as
vtvt(1 − λΩ − v2) = −1.
By converting vt → vt) one obtains
(gtt − λgtφ)(1 − λΩ − v2)v2t = −1
. Using the definition of Ω, we show gφφ + λgtφg2tφ − gttgφφ
 (1 − λΩ − v2)v2t = 1,
hence the advective velocity u is related to the three velocity v through u = v/
√
1 − λΩ (The
advective velocity, i.e. the radial velocity of the fluid is measured in a frame which co-rotates
with the fluid such that vr = u/
√
grr(1 − u2), see [82]). We find
vt =
√
g2tφ − gttgφφ
(1 − λΩ)(1 − u2)(gφφ + λgtφ) . (29)
The mass conservation equation (the continuity equation as defined by eq. (25)) provides
1√−g (
√−gρvµ),µ = 0, (30)
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where g ≡ det(gµν). We multiply equation (30) with the co-variant volume element √−gd4x to
obtain
(√−gρvµ),µd4x = 0.
Note that ∂t and ∂φ are not relevant due to the stationarity and axisymmetry. following the
assumption of non-existence of a convection current along any non-equatorial direction, no non-
zero terms involving vθ (for spherical polar co-ordinates) or vz (for flow studied within the frame-
work of cylindrical co-ordinates) may be considered. We have
∂r(
√−gρvr)drdθdφ = 0, (31)
for accretion studied using the spherical polar co-ordinate and
∂r(√−gρvr)drdzdφ = 0, (32)
for accretion studied using the cylindrical co-ordinate.
One can integrate eq. (31) for φ = 0 → 2π and θ = [(π/2)−Hθ] → [(π/2)+Hθ]; ±Hθ being the
range of variation of the polar co-ordinate below and above the equatorial plane, respectively, for
a (local) flow half thickness H. The ratio 2H/r is constant for flow thickness in spherical polar
co-ordinate for conical wedge shaped flows, [see e.g. 54, 82, 89, 92–94, 116, and references
within]. Eq. (32) can be integrated for z = −Hz → Hz (where ±Hz is the local half thickness of
the flow) symmetrically over and below the equatorial plane for axisymmetric accretion studied
using the cylindrical polar co-ordinate to obtain the conserved mass accretion rate ˙M in the
equatorial plane as
ρvrA(r) = ˙M; (33)
A(r) is the surface area through which the inward mass flux is estimated. For spherical symmetry,
A(r) = 4πHθr2 (for not very large values of θ) and for cylindrical symmetry, A(r) = 4πHzr.
In standard literature of accretion astrophysics, the local flow thickness for an inviscid ax-
isymmetric flow can vary in three different ways, with different degrees of complexity, (see, e.g.
[116], and references therein). A constant flow thickness is considered for simplest possible flow
configuration where the disc height H is not a function of the radial distance [117]. In its next
variant, the axisymmetric accretion can have a conical wedge shaped structure ([54], [87–89, 92–
95]) where H is directly proportional to the radial distance as H = Ahr. The geometric constant
Ah is determined from the measure of the solid angle subtended by the flow. For the hydrostatic
equilibrium in the vertical direction, [37, 118, 119, and references therein] the expression for the
local flow thickness can have a rather complex dependence on the radial distance and on the lo-
cal speed of propagation of the acoustic perturbation embedded inside the accretion flow. In the
present work, we consider the accretion flow to be in vertical equilibrium, and assume that the
flow has a radius-dependent local thickness with its central plane coinciding with the equatorial
plane of the black hole. The equations [103] of motion apply to the equatorial plane of the black
hole, whereas the hydrodynamic flow variables are averaged over the half thickness of the disc
H. We follow [102] to derive the disc height for our flow configuration, and obtain the expression
for the local flow thickness to be
H(r) =
√
2
γ + 1
r2
 (γ − 1)c2s{
γ − (1 + c2s)
} {
λ2v2t − a2(vt − 1)
}

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. Using the expression for vt as obtained from its expression in eq. (29) (using the expressions
for gµν’s at equatorial plane as mentioned on Eqs. (14)), i.e., by writing vt as
vt =
[
Ar2∆
(1 − u2)(A2 − 4aλrA + λ2r2(4a2 − r2∆))
] 1
2
,
H(r) can be obtained in terms of the advective velocity u.
5. Critical point conditions
We derive the two first integrals of motion, the conserved specific energy E of the flow and the
mass accretion rate ˙M, respectively (using the expressions of h, vt and vr as obtained from the
preceding section) as
E =
[ (γ − 1)
γ − (1 + c2s)
] √(
1
1 − u2
) [
Ar2∆
A2 − 4λarA + λ2r2(4a2 − r2∆)
]
, (34)
˙M = 4π∆
1
2 H(r)ρ u√
1 − u2
, (35)
by integrating the stationary part of the energy momentum conservation equation and the conti-
nuity equation, respectively. The set of equations (34 – 35) can not directly be solved simultane-
ously since it contains three unknown variables u, cs and ρ, all of which are functions of the radial
distance r. We would like to express ρ in terms of cs and other related constant quantities. To
accomplish this task, we make a transformation ˙Ξ = ˙Mγ
1
γ−1 K
1
γ−1
. Employing the corresponding
equation for the sound speed as well as the equation of state, this can be expressed as
˙Ξ =
(
1
γ
)( 1
γ−1
)
4π∆
1
2 c
(
2
γ−1
)
s
u√
1 − u2
[ (γ − 1)
γ − (1 + c2s)
]( 1
γ−1
)
H(r) . (36)
Our earlier expression for the entropy per particle σ implies that K is a measure of the specific
entropy of the accreting matter. ˙Ξ may be interpreted as the measure of the total inward entropy
flux associated with the accreting material and thus we label ˙Ξ to be the entropy accretion rate.
It is worth mentioning that the concept of the entropy accretion rate was first introduced in [54]
and later used by [120] for accretion under the influence of the Paczyn´ski & Wiita [51] pseudo-
Schwarzschild black hole potential. ˙Ξ is conserved for the shock free polytropic accretion and
increases discontinuously at the shock (if present). E and ˙Ξ remain conserved along a streamline.
The spatial derivative (since we are dealing the stationary flow) of E and that of ˙Ξ globally
vanishes for shock free flow. However, even if the shock forms, the spatial derivative of ˙Ξ
vanishes locally, and hence d ˙Ξ/dr = 0 holds separately for the pre and the post shock flow,
where the pre and the post shock flow implies the transonic accretion solution passing through
the outermost and the innermost saddle type critical points, respectively. This point will further
be clarified in the subsequent sections.
The relationship between the space gradient of sound speed and that of the advective velocity
can now be established by differentiating Eq. (36)
dcs
dr =
cs
(
γ − 1 − c2s
)
1 + γ
[
χψa
4
− 2
r
− 1
2u
(
2 + uψa
1 − u2
)
du
dr
]
, (37)
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Differentiation of eq. (34) provides another relationship between dcs/dr and du/dr. We
substitute dcs/dr as obtained in Eq. (37) into that relationship and finally obtain
du
dr =
2c2s
(γ + 1)
[
r − 1
∆
+
2
r
− vtσχ4ψ
]
− χ2
u(
1 − u2) − 2c
2
s
(γ + 1) (1 − u2) u
[
1 − u
2vtσ
2ψ
] , (38)
Eq. (38) as well as Eq. (37) can now be identified with a set of non-linear first order differen-
tial equations representing autonomous dynamical systems [50], and their integral solutions will
provide phase trajectories on the radial Mach number, M vs r plane. The regular critical point
condition for these integral solution is obtained by simultaneously making the numerator and the
denominator of Eq. (38) vanish. The critical point condition may thus be expressed as
cs |(r=rc ) =
[
u2 (γ + 1)ψ
2ψ − u2vtσ
]1/2
|(r=rc )
, u|(r=rc) =
[
χ∆r
2r (r − 1) + 4∆
]1/2
r=rc
, (39)
Following the aforementioned criteria, one obtains a ‘smooth’ or ‘regular’ critical point for
which u,cs and their space derivatives are regular. For non-dissipative inviscid flow, such a critical
point may only be either of saddle type, which allows a transonic accretion solution to pass
through it, or of centre type, through which no physical transonic solution can be constructed.
However, another kind of critical point can also be obtained for which D = 0 does not ensure
N = 0, and one is left with an ‘irregular’ or ‘singular’ critical point where u and cs are continuous
but their derivatives diverge at such critical points. A singular critical point is obtained at the
point of inflection of the homoclinic orbit for multi-transonic flow on the M − r phase plane. We
will discuss this issue in greater detail in the subsequent sections while describing the procedure
to obtain the multi-transonic shocked accretion phase topology.
Eq. (39) provides the critical point condition but not the location of the critical point(s).
It is necessary to solve eq. (34) under the critical point condition for a set of initial boundary
conditions as defined by the constant specific energy of the flow E, the constant specific angular
momentum λ, the constant adiabatic index of the flow γ = cp/cv (cp and cv being the specific
heat at constant pressure and volume, respectively), and the Kerr parameter (representing the
spin angular momentum of the black hole) a. The value of cs and u, as obtained from Eq. (39),
may be substituted at Eq. (34) to obtain a complicated non-polynomial algebraic expression for
r = rc, rc being the location of the critical point. A particular set of values of
[E, λ, γ, a] will then
provide the numerical solution for such algebraic expression to obtain the exact value of rc. It is
thus important to find out the astrophysically relevant domain of numerical values corresponding
to E, λ, γ and a.
E is scaled by the rest mass energy and includes the rest mass energy itself, hence E = 1
corresponds to a flow with zero thermal energy at infinity, which is obviously not a realistic
initial boundary condition to generate the acoustic perturbation. Similarly, E < 1 is also not
quite a good choice since such configuration with the negative energy accretion state requires a
mechanism for dissipative extraction of energy to obtain a positive energy solution7. Presence
of any such dissipative mechanism is not desirable to study the inviscid flow model considered
7A positive Bernoulli’s constant flow is essential to study the accretion phenomena so that it can incorporate the
accretion driven outflows (see [121] and references therein).
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in the present work. On the other hand, almost all E > 1 solutions are theoretically allowed.
However, large values of E represents accretion with unrealistically hot flows in astrophysics.
In particular, E > 2 corresponds to extremely large initial thermal energy which is not quite
commonly observed in accreting black hole candidates. We thus set 1 <∼ E <∼ 2.
A somewhat intuitively obvious range for λ for our purpose is 0 < λ ≤4, since λ = 0 indicates
spherically symmetric flow and for λ > 4 the sub-Keplerian nature is lost and multi-critical
behaviour does not show up in general.
γ = 1 corresponds to isothermal accretion where the acoustic perturbation propagates with
position independent speed. γ < 1 is not a realistic choice in accretion astrophysics. γ > 2
corresponds to the super-dense matter with considerably large magnetic field and a direction
dependent anisotropic pressure. The presence of a dynamically important magnetic field requires
the solution of general relativistic magneto hydrodynamics equations which is beyond the scope
of the present work. Hence a choice for 1 <∼ γ <∼ 2 seems to be appropriate. However, preferred
bound for realistic black hole accretion is from γ = 4/3 (ultra-relativistic flow) to γ = 5/3
(purely non relativistic flow), see, e.g., [119] for further detail. Thus we mainly concentrate on
4/3≤γ≤5/3.
The domain for a lies clearly in between the values of the Kerr parameters corresponding to
the maximally rotating black hole for the prograde and the retrograde flow. Hence the obvious
choice for a is −1≤a≤1. Although to be mentioned here that an upper limit for the Kerr param-
eter has been set to 0.998 in some works, see, e.g., [122]. We, in our work, however, do not
consider any such interaction of accreting material with the black hole itself which might allow
the evolution of the mass and the spin of the hole as was considered in [122] to arrive at the
conclusion about such upper limit for the black hole spin.
The allowed domains for the four parameter initial boundary conditions are thus [1 <∼ E <∼ 2 ,
0 < λ≤4, 4/3≤γ≤5/3,−1≤a≤1].
The four parameter set
[E, λ, γ, a]may further be classified intro three different categories,
according to the way they influence the characteristic properties of the stationary transonic solu-
tions.
[E, λ, γ] characterizes the flow, and not the spacetime since the accretion is assumed to be
non-self-gravitating. The Kerr parameter a exclusively determines the nature of the spacetime
and hence can be thought of as some sort of ‘inner boundary condition’ in a qualitative sense
since the effect of gravity truly requires the full general relativistic framework only out to sev-
eral gravitational radii, beyond which it asymptotically approaches the Newtonian description.
[E, λ]⊂ [E, λ, γ] determines the dynamical aspects of the flow, whereas γ determines the ther-
modynamic properties. To follow a holistic approach, one needs to study the variation of the
relevant features of the transonic accretion on all of these four parameters.
For a fixed value of [E, λ, γ, a], one can compute the location of the critical points by solving
the algebraic equation as obtained by the substitution of eq. (39) in eq. (34). For convenience,
the four dimensional hypersurface spanned by [E, λ, γ, a] can be projected onto 4C2 different two
dimensional or 4C3 different three dimensional parameter submanifolds to identify the regions
of the parameter sub-space for which a multi-transonic (multi-critical solutions with stationary
shock) accretion flow can be obtained. The accretion solution, as already mentioned, may be
mono-critical or multi-critical with three critical points where two saddle type critical points
are separated by a centre type critical point. The nature of a given critical point (whether it is
of saddle type or a centre type) can be examined using certain eigenvalue equations and it can
naturally be argued that any critical point associated with a stationary transonic solution will
perforce be of saddle type [49, 50].
For multi-critical solutions, the criteria for the accretion flow to have three critical points
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is associated with the value of the entropy accretion rate ˙Ξi evaluated for the solution passing
through the innermost saddle type critical point, is greater than the value of ˙Ξo evaluated for
the solution passing through the outermost saddle type critical point. The reverse situation, i.e.,
˙Ξo > ˙Ξi, provides the stationary configuration for which accretion solution connecting the infinity
with the event horizon can have one critical point (the innermost one). For such a M − r phase
portrait, the accretion solution through the outermost critical point is a part of the homoclinic
orbit which can not be connected with the solution passing through the innermost critical point,
and hence the stationary accretion for such configuration is essentially monocritical even if one
obtains three formal solution of the critical point determining algebraic expression.
If
[E, λ, γ, a]mc∈[E, λ, γ, a] represents the region of the four dimensional parameter space for
which one obtains three critical points (‘mc’ stands for ‘multi-critical’), [E, λ, γ, a]mca∈[E, λ, γ, a]mc
denotes the region embedded in [E, λ, γ, a]mc for which stationary accretion solution can have
three critical points – ‘mca’ being the acronym used for the phrase ‘multi-critical accretion’.
Hence it is the
[E, λ, γ, a]mca which we are interested in to identify the shocked multi-transonic
flow.
As a note of caution, we now explicitly illustrate the fundamental difference between a formal
multi-critical configuration and a realizable multi-transonic flow. For stationary axisymmetric
hydrodynamic polytropic accretion, multi-critical flow refers to the situation where the algebraic
solution of the equation expressing the form of the energy first integral of motion (evaluated by
employing the formal critical point conditions) will provide three formal roots for the critical
point rc and all three of them are real, positive and located outside r+ = 1+
√
1 − a2, a being the
Kerr parameter. This is true for a prograde as well as for a retrograde flow. A formal multi-critical
accretion configuration, however, does not necessarily provide a multi-transonic flow. Critical
point behaviour is a formal property of a differential equation of certain class. For work presented
here, it is the differential equations describing the space gradient of the advective velocity u for
stationary flow configuration belonging to that category, see, e.g., [123], for a detailed discussion
on the critical behaviour of the first order autonomous dynamical systems. On the other hand,
transonicity is a real physical property where the flow makes a smooth (existence of the analytic
first derivative is ensured) continuous transition from sub/supersonic state to super/subsonic state
(usually from subsonic to the supersonic state for works presented in our work). Considering the
fact that out of three formal critical points, the middle one being the centre type not allowing
any transonic solution to pass through it, in the following paragraphs we further clarify why the
realizable multi-transonic solutions form a subset of the formal multi-critical configuration.
Once the flow passes through the outer sonic horizon (corresponding to the outer saddle
type critical point), it becomes supersonic. A supersonic flow can not have further access to
another regular sonic point until it is made subsonic by some physical mechanism (through a
discontinuous standing shock in our case). A shock free solution, even if it is a multi-critical one,
is just a formal mathematical construction for which the accretion flow always remains mono-
transonic in practice. If one provides the multi-critical accretion configuration but the shock
calculation is not performed/shock location and post shock quantities are not known, one can
never have a multi-transonic flow in true sense for which the values of the accretion variables can
be calculated along the integral solutions passing through the inner sonic point. The stationary
integral flow solution passing through the outer sonic point can be made possible to join, through
a discontinuous shock transition, with the corresponding solution passing through the inner sonic
horizon. If the Mach number - radial distance (measured from the horizon or r+, depending on
the value of the black hole spin parameter) is obtained for a multi-critical accretion configuration
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without having the complete knowledge of shock formation, the spin dependence of the accretion
variables for integral stationary flow solutions passing through the inner sonic point can not be
realized.
In [103] the solution scheme for obtaining the multi-critical flow configuration has been
provided. Accretion variables close to the event horizon have effectively been studied for the
mono-transonic flow through the outer sonic point since the shock solution scheme was not
derived in that work, and it was proposed how the spin dependence of accretion variables could
be studied provided the shock solution would be available - in other words, provided one would
have proper information about the exact set of values of [E, λ, γ, a]mca allowing the formation of
standing shock. Hence any direct manifestation of the shock formation in the spectral signature of
black hole spin parameter had not been explored in any existing work in the literature, including
the works presented in [103]. Such task has meticulously been accomplished in the present paper.
The space gradient for the advective flow velocity at the critical point is computed by solving
the following quadratic equation
α
(
du
dr
)2
|(r=rc )
+ β
(
du
dr
)
|(r=rc )
+ ζ = 0 , (40)
where the respective co-efficients, all evaluated at the critical point rc, are obtained as
α =
(
1 + u2
)
(
1 − u2)2 −
2δ1δ5
γ + 1
, β =
2δ1δ6
γ + 1
+ τ6, ζ = −τ5;
δ1 =
c2s (1 − δ2)
u
(
1 − u2) , δ2 = u
2vtσ
2ψ
, δ3 =
1
vt
+
2λ2
σ
− σ
ψ
, δ4 = δ2
[
2
u
+
uvtδ3
1 − u2
]
,
δ5 =
3u2 − 1
u
(
1 − u2) − δ41 − δ2 −
u
(
γ − 1 − c2s
)
a2s
(
1 − u2) , δ6 =
(
γ − 1 − c2s
)
χ
2c2s
+
δ2δ3χvt
2 (1 − δ2) ,
τ1 =
r − 1
∆
+
2
r
− σvtχ
4ψ
, τ2 =
(
4λ2vt − a2
)
ψ − vtσ2
σψ
,
τ3 =
στ2χ
4ψ
, τ4 =
1
∆
− 2 (r − 1)
2
∆2
− 2
r2
− vtσ
4ψ
dχ
dr ,
τ5 =
2
γ + 1
[
c2sτ4 −
{(
γ − 1 − c2s
)
τ1 + vtc
2
sτ3
} χ
2
]
− 1
2
dχ
dr ,
τ6 =
2vtu
(γ + 1) (1 − u2)
[
τ1
vt
(
γ − 1 − c2s
)
+ c2sτ3
]
. (41)
Note, however, that all quantities defined in Eq. (41) can finally be reduced to an algebraic
expression in rc with real coefficients that are functions of
[E, λ, γ, a]. Hence (du/dr)r=rc is found
to be an algebraic expression in rc with constant coefficients that are non-linear functions of[E, λ, γ, a]. Once rc is known for a set of values of [E, λ, γ, a], the critical slope, i.e., the space
gradient for u at rc for the advective velocity can be computed as a pure number, which may
either be a real (for transonic accretion solution to exist) or an imaginary (no transonic solution
may be found) number. The critical advective velocity gradient for accretion solution may be
computed as (
du
dr
)
r=rc
= − β
2α
±
√
β2 − 4αζ , (42)
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by taking the positive sign. The negative sign corresponds to the outflow/self-wind solution on
which we would not like to concentrate in this work. The critical acoustic velocity gradient
(dcs/dr)r=rc can also be computed by substituting the value of
(
du
dr
)
r=rc
in Eq. (37) and by evalu-
ating other quantities in eq. (37) at rc.
The values of the advective velocity u and the sound speed cs evaluated at the critical point
indicate that the Mach number at the critical point is not unity, and not even a constant as well.
Eq. (39) implies that the Mach number at the critical point is a function of the location of the
critical point itself, and hence for any [E, λ, γ, a]∈[E, λ, γ, a]mca one obtains three different Mach
numbers corresponding to the three critical points for a multi-critical stationary solution. It is
easy to show that Mc = (u/cs)rc < 1 for all values of rc for a transonic flow, whether it is mon-
ocritical or multi-critical. Since a regular sonic point is identified with the radial distance where
the transonic solution makes a continuous M < 1 −→ M > 1 transition, the Mach number at
the sonic point must be equal to unity. Hence the critical points and the sonic points are not
topologically (as well as numerically) isomorphic. Such distinction between the critical and the
sonic point is observed for polytropic accretion in the hydrostatic equilibrium in the vertical di-
rection only and not for the polytropic flow with wedge shaped conical geometry or with constant
thickness. This is a manifestation of the fact that the expression for the flow thickness (the disc
height) for accretion in vertical equilibrium is a function of the non constant sound speed. The
expression for such disc height is obtained using a set of simplified assumptions, hence the de-
pendence of the flow thickness on cs is not exact. For polytropic flow in hydrostatic equilibrium
along the vertical direction, we need to find out the sonic point(s) by numerically integrating the
flow equations. Two out of the three critical points in a multi-transonic accretion are of saddle
type and the third one is the centre type. A physically acceptable transonic solution, however,
can be constructed only through a saddle type critical point. No centre type critical point allows
any transonic flow solution to pass through it. Hence every saddle type critical point is accompa-
nied by a sonic point rs, generally located at a radial distance smaller than the respective critical
point rc. The criteria rs < rc is always satisfied since (u/cs)rc < 1 whereas (u/cs)rc = 1 and for a
smooth transonic accretion, the Mach number anti-correlates with the radial distance.
In the next section, we shall describe the procedure to obtain the phase portrait of multi-
transonic shocked accretion flow. Hereafter, the phrase ‘multi-transonic flow’ will automatically
imply that such accretion configuration contains a stationary shock.
6. Construction of a typical multi-transonic phase trajectory
6.1. The phase portrait
In Figure 1 we plot one such flow topology for
[E = 1.00001, λ = 2.6, γ = 1.43, a = .215].
The radial Mach number has been plotted along the the Y axis and the equatorial radial distance
r scaled in units of GMBH/c2, has been plotted along the X axis in logarithmic (log10) scale.
Three regular critical points are obtained – the outermost saddle type critical point routc located at
r = 10815.150, the centre type middle critical point rmidc located at r = 17.213, and the saddle
type innermost critical point rinc formed at r = 6.999.
[
routc , r
mid
c , r
in
c
]
are computed by numeri-
cally solving the algebraic equation obtained by substituting the value of [u, cs]rc (as defined in
equation 39) in eq. (34). The value of u and cs at any one of the three different critical points[
routc , r
mid
c , r
in
c
]
can now be calculated by substituting the respective values of the critical points
back to the eq. (39). As already mentioned, Mach numbers can have different values computed
at three different critical points. Hence routc , rmidc , and rinc are not collinear on M − log10(r) phase
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Figure 1: Phase topology corresponding to the multi-transonic shocked accretion and its associated wind branches ob-
tained for a prograde flow characterized by [E = 1.00001, λ = 2.6, γ = 1.43, a = 0.215]. The radial Mach number and the
radial distance in logarithmic scale and in units of GMBH/c2 has been plotted along the abscissa and the ordinate, respec-
tively. ABB1CDE is the transonic accretion solution constructed through the saddle type outer critical point B (located at
a distance 10815.150 in units of GMBH/c2) and the corresponding outer sonic point B1 (located at a distance 8437.850
in units of GMBH/c2), FBG is the associated transonic self-wind solution passing through the outer critical point. The
homoclinic orbit KIHC1D1IJ consists of the transonic accretion and its associated self-wind solutions passing through
the saddle type inner critical point I (located at a distance 6.999 in units of GMBH/c2). The corresponding inner sonic
point (not shown in the figure) is located at a distance 5.985 in units of GMBH/c2 measured from the horizon. The centre
type middle critical point shown by an asterisk (*) and marked by L located at a distance 17.213 in units of GMBH/c2 .
Among two formally obtained shock transitions CC1 and DD1, the shock formed between the outer sonic point and the
middle critical point is found to be the stable one. ABB1CC1D1IJ represents the actual multi-transonic accretion flow
connecting infinity with the black hole event horizon and contains the integral solutions constructed through the outer
and the inner sonic points, respectively.
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plane. The space gradient of the advective velocity (du/dr)rc is computed using eq. (42) and the
space gradient for the polytropic sound speed is calculated by substituting the value of (du/dr)rc
into eq. (37) in the critical limit. We now use the initial values [u, cs, du/dr, dcs/dr]routc to inte-
grate eq. (37) - (38) simultaneously to obtain the stationary transonic branch ABB1DE on the
(M − log10(r)) phase plane passing through the outermost saddle type critical point routc as de-
noted by B on the phase plane. Since a critical point and a sonic point does not form at same
radial distance, AB is not the subsonic branch of the flow, nor does the segment BCDE represent
the supersonic branch. The location of the sonic point is found by integrating du/dr and dcs/dr
simultaneously to compute the radial equatorial distance for which Mach number becomes ex-
actly equals to unity. For
[E = 1.00001, λ = 2.6, γ = 1.43, a = 0.215] used to obtain figure 1, we
found the value of the outermost sonic point routs to be 8437.850 which has been identified in the
figure 1 as B1. Hence ABB1 represents the subsonic flow and B1CDE represents the supersonic
flow. We define ∆rcs = (rc − rs) to be a measure of the difference of the location of the critical
and the sonic points. Hence the line segment measured along the X axis and corresponding to
BB1 represents the logarithmic value of ∆rcsout for the particular values of the
[E, λ, γ, a]used to
obtain figure 1. One can study the dependence of ∆rcsout on
[E, λ, γ, a]as well for the entire do-
main of the four parameters E, λ, γ and a to apprehend the effect of the black hole space time as
well as the dynamical and the thermodynamic properties of the flow on the distinction between
the sonic and the critical points. It is important to note that however small can ∆rcs be made, it
never vanishes for any value of
[E, λ, γ, a]. This indicates that the non isomorphism of the criti-
cal and the sonic properties of the flow are not any artifact of the choice of the initial boundary
conditions describing the stationary transonic accretion.
If the value of the ˙M is also provided along with [E, λ, γ, a], one can calculate the values of
all possible thermodynamic quantities corresponding to the flow, the pressure p, the density ρ
and the ion temperature T of the accreting fluid, for example, at all radial distances stating from
the infinity upto a very close proximity of r+ = 1 +
√
1 − a2. The trans-critical solution passing
through the outermost critical point routc seems to be doubly degenerate as is observed from the
appearance of the phase topology FBG on the M− log10(r) phase plane. FBG is obtained by inte-
grating eq. (37 – 38) using [u, cs, du/dr, dcs/dr]routc but for the values of (du/dr)routc corresponding
to the negative sign in eq. (42). Such twofold degeneracy is the consequence of the ±u degener-
acy appearing in the expression for the energy first integral of motion as defined in eq. (34). Such
degeneracy has, however, been apparently removed by orienting the phase portrait so that each
phase topology represents either the accretion or the wind. The wind branch FBG, obtained by
the advective velocity reversal symmetry, is a mathematical counter part of the accretion flow and
is usually termed as the ‘self -wind’. Had it been the situation that instead of starting from the
infinity and heading toward the compact object, transcritical solution would generate from the
close proximity of the accretor and would fly off from such object, FBG would denote the phase
trajectory along which it would escape to infinity. The phrase ‘wind solution’ stems from the fact
that the phase portrait corresponding to the solar wind solution due to [124] was topologically
similar with the aforementioned mathematical counterpart of the accretion solution associated
with the classical [125] flow.
A similar procedure may be used to obtain the transonic stationary accretion and the wind
solutions passing through the innermost saddle type critical point rinc which is located at a radial
distance r = 6.999 and is marked by I on the M − log10(r) phase plane. The corresponding value
of the radial distance for the sonic point rins comes out to r = 5.985.
The transcritical accretion solution HIJ constructed through the inner critical point rinc folds
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back onto itself and joins with the corresponding transcritical self-wind branch HIK. The com-
bined transcritical accretion-wind solution through the rinc thus forms a homoclinic orbit8 on the
M − log10(r) phase plane. Such a homoclinic phase trajectory encompasses the centre type crit-
ical point rmidc flanked between routc and rinc . The point of inflection H of the homoclinic orbit is
actually a ‘irregular’ and ‘singular’ critical point. A tangent drawn through such a point of inflec-
tion comes out to be parallel to the Y axis. The Mach number M is defined at that point, whereas
its space gradient dM/dr is not. The advective velocity u is continuous at that point but its space
gradient diverges. At the point of inflection of the homoclinic orbit, the denominator of eq. (38)
vanishes, allowing the corresponding numerator to assume a non-zero value. It is therefore un-
derstood that along with three regular critical points
[
routc , r
mid
c , r
in
c
]
, multi-critical stationary flow
solution always possesses one more critical point which is of singular type. The only exception
observed for a very special case where the multi-critical flow consists of two heteroclinic orbits9
since no homoclinic orbit for such configuration can further be realized. The transcritical hete-
roclinic orbits on M − log10(r) phase plane is characterized by the identical value of the entropy
accretion rate ˙Ξ evaluated for the solution passing through the innermost saddle point rinc as well
as for the solution constructed through the outermost saddle point routc .
A homoclinic orbit has its existence only in isolation and such a trajectory does not qualify
as a global transcritical solution. Any realistic transcritical solution has to connect infinity with
the event horizon to ensure the existence of the corresponding transonic flow. A local trans-
critical homoclinic integral flow solution can be made physically realizable by joining it with
the transcritical non-homoclinic solution constructed through the outermost saddle type critical
point routc through a discontinuous shock transition since for non-dissipative inviscid flow two
different transonic solutions can not be smoothly connected to each other through any regular
transition. In connection to astrophysical flows. such a statement translates to the fact that no
regular smooth stationary transonic solution can encounter more than one sonic point, and a
multi-transonic solution can only be realized when two different smooth transonic solutions can
be connected through a stationary shock. The entropy accretion rate ˙Ξin for the accretion solution
HIJ is greater than the entropy accretion rate ˙Ξout for the accretion solution AB1CDE. Subjected
to the appropriate perturbative environment, a standing shock which generates∆ ˙Ξ =
(
˙Ξin − ˙Ξout
)
,
allows the flow solution through the outer sonic point to make a discontinuous transition onto its
subsonic homoclinic counterpart, i.e., the subsonic part of the transonic accretion solution HIJ.
The combined multi-transonic shocked accretion solution would thus be consists of a segment
(both subsonic and supersonic) of ABB1CDE and a segment (both subsonic and supersonic) of
HIJ connected by a discontinuous shock, the location of which is to be determined by solving
certain set of algebraic equations.
6.2. The relativistic shock of Rankine-Hugoniot type
In the present work, the first integrals of motion are the conserved specific energy and the mass
accretion rate. For the non-dissipative inviscid accretion considered in our work, the shock pro-
8A homoclinic orbit on a phase portrait is realized as an integral solution that re-connects a saddle type critical point
to itself and embarrasses the corresponding centre type critical point. For a detail description of such phase trajectory
from a dynamical systems point of view, see, e.g., [123, 126, 127].
9Heteroclinic orbits are the trajectories defined on a phase portrait which connects two different saddle type critical
points. Integral solution configuration on phase portrait characterized by heteroclinic orbits are topologically unstable
[123, 126, 127]. Subjected to the slightest possible perturbation, the heteroclinic loop opens up by forming a homoclinic
orbit either through the inner saddle type point or through the outer saddle type point.
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duced is assumed to be of energy preserving Rankine Hugoniot [128–132] type. The correspond-
ing shock thickness has to be negligibly small compared to any characteristic length scale of the
flow so that no dissipation of energy as a consequence of the strong temperature gradient in be-
tween the inner and the outer boundaries of the shock is allowed, where the terms ‘inner’ and the
‘outer’ are referred with respect to the proximity to the black hole event horizon.
For a neutral ideal fluid, the general relativistic shock condition has been discussed by several
authors [133–138]. In connection to rotating axisymmetric accretion in the Kerr metric, the
general relativistic Rankine Hugoniot condition can be expressed as [104, 117]
[[
ρuΓu
]]
= 0 ,[[
Ttµηµ
]]
=
[[(p + ǫ)vtuΓu]] = 0 ,[[
Tµνηµην
]]
=
[[
(p + ǫ)u2Γ2u + p
]]
= 0 , (43)
where Γu = 1/
√
1 − u2 is the Lorentz factor and Tµν is the corresponding energy momentum
tensor. In the above equation, [[ f ]] denotes the discontinuity of any relevant physical quantity f
across the surface of discontinuity, i.e., [[ f ]] = f2 − f1, where f1 and f2 are the boundary values
of the quantity f on the two sides of such surface.
Simultaneous solution of Eq. (43) yields the shock invariant quantity for stationary axisym-
metric accretion in hydrostatic equilibrium in vertical direction which changes continuously only
across the shock surface. We obtain an analytical expression for such a shock invariant quantity
in terms of various local accretion variables and in terms of various initial boundary conditions
describing the flow. During the numerical integration of the flow equations along the transonic
solution ABB1CDE, we calculate the shock invariant. Simultaneously we calculate the same in-
variant while integrating the flow equations along the solution JIH starting from the inner sonic
point up to the irregular sonic point on the homoclinic orbit (the point of inflection). We then
determine the radial distance rsh where the numerical values of the shock invariant quantity is
evaluated by integrating the two different flow segments as described above become identical.
For every
[E, λ, γ, a] allowing the formation of a stationary shock, one in general obtains two
different values of rsh. Out of the two formal shock locations, the inner one (with reference to the
proximity of r+) is always located in between the innermost and the middle sonic point, whereas
the outer shock location is obtained in between the middle and the outermost sonic point. The
shock strength M−/M+ is different for these two shocks. Following the standard stability analysis
procedure as provided in [97], one finds that the outer shock location is stable. Hereafter, we will
refer to the stable outer shock location whenever we use the word shock, and all shock related
calculations will exclusively be performed with respect to that outer stable shock.
ABB1CC1IJ on the M−log10(r) phase plane represents the combined multi-transonic shocked
flow as shown in figure 1. We need to calculate the values of various accretion variables along
this segment of the flow topology. A sudden discontinuous transition for all such variables at
the shock location is to be accounted for. We define the ‘pre-shock variables’ to be the value
of any accretion variable at the shock location evaluated at the point C, and denote all such
variables by a subscript ‘-’. Similarly, a ‘post shock variable’ is defined to be the value of the
same variable (for same [E, λ, γ, a] as implied) evaluated at the point C1 and is denoted using
a subscript ‘+’. The ratio of the pre (post) to the post (pre) shock variable for a set of fixed
value of
[E, λ, γ, a] will provide the measure of the discontinuous change of such variables due
to the presence of the shock. Had it been the situation that the shock would not form, and the
flow would uninterruptedly follow ABB1CDE to approach the event horizon, the flow variables
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Figure 2: Variation of the advective flow velocity u (upper left panel), rest mass density ρ (upper right panel), flow ion
temperature T (lower left panel) and pressure (lower right panel) corresponding to the flow topology presented in the
figure 1 and for a black hole with mass 3.6 × 106 M⊙ and associated accretion rate ˙M = 4.29 × 10−6M⊙Yr−1. The solid
vertical line in each panel represents the shock transition and the labeling alphabets are in one to one correspondence
with those used in figure 1, see text for further detail.
24
a1
2
2
2
Figure 3: Variation of the shock location rsh (plotted along the ordinate) with the Kerr parameter a (plotted along the
abscissa) for the prograde accretion characterized by [E = 1.00001, γ = 1.43] for three different values of the specific
angular momentum λ = 2.6 (solid black line at left), λ = 2.17 (long dashed red line at the middle) and λ = 2.01 (short
dashed green line at the right). The shock location non-linearly correlates with the black hole spin.
would change continuously and no abrupt considerable alteration of the flow variables would be
realized. Since a sudden change of the value of a flow variable is associated with the formation
of a stationary shock in our model, a careful study of the radial profile of any accretion variable
would provide a conclusive information about the appearance of a stationary shock. The radial
variation of certain accretion variables (density, velocity, ion temperature etc.) are required to
construct the observed spectra emergent from the accreting black hole, and the presence of shock
can thus be inferred by investigating such spectral profile.
6.3. Shock induced discontinuous transition of flow variables
In Figure 2, we show the variation of the advective velocity u scaled in units of 1010 cm/sec, the
bulk ion temperature T scaled in units of 1010 degree Kelvin, flow density ρ in gm/cc and fluid
pressure p in dyne/cm2, for a black hole with mass MBH = 3.6 × 106M⊙ and accretion rate ˙M =
4.29 × 10−6M⊙Yr−1.
[E = 1.00001, λ = 2.6, γ = 1.43, a = 0.215] has been used as four initial
boundary conditions to set up the flow. B and I are the outermost and the innermost saddle type
critical points, respectively. CC1 indicates the stable standing shock transition. ABCE indicates
the variation of the respective accretion variables along the transonic solution passing through
the outer sonic point. If the shock would not form, the value of the respective variables would
change continuously and monotonically, and the space evolution of such variables would be
presented by the line segment ABCE. One could integrate the flow equations along the solutions
passing through the outer sonic point upto the very close proximity of the event horizon and
can obtain the value of the respective variable on ABCE in the extremely close vicinity of the
black hole event horizon for a shock free solution. If, however, the shock forms, there will be an
abrupt discontinuous change of the value of the respective variable and its r variation profile can
actually be demonstrated by the combined segment ABCC1IJ. Once again, one can integrate the
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Figure 4: Variation of of the shock location rsh (plotted along the ordinate) with the Kerr parameter a (plotted along the
abscissa) for the retrograde accretion characterized by [E = 1.00001, λ = 3.3, γ = 1.4].
set of differential and the algebraic equations governing the flow upto the very close proximity
of r+ and the corresponding value of the respective variable at a radial distance nearly equal to
r+ can be obtained for a shocked multi-transonic integral solution.
7. Dependence of the shock location and the shock related quantities on [E, λ, γ, a]
In this section we study the dependence of the shock location rsh and various pre and post shock
values of the accretion variables on [E, λ, γ, a]. To study such dependence on any particular
parameter of the set
[E, λ, γ, a], on specific flow energy E for example, other three parameters
λ, γ and a are to be kept constant for the entire range of E for which such dependence is stud-
ied. Whereas a wide range of choice for [E, λ, γ, a] is available to produce a mono-transonic
accretion, only a limited non linear region of [E, λ, γ, a] allows the existence of a shocked
multi-transonic flow. A continuous range of all
[E, λ, γ, a] can not be used to construct such
flow configuration since the Rankine Hugoniot condition is satisfied only for a small range of[E, λ, γ, a]mcas ∈ [E, λ, γ, a]mca, where ‘mcas’ stands for ‘multi-critical accretion with shock’ and
‘mca’ indicates the ‘multi-critical accretion’ in general. [E, λ, γ, a]⊂ [E, λ, γ, a]mcas thus pro-
vides a true stationary multi-transonic accretion. We thus use various ‘patches’ of the region[E, λ, γ, a]mcas to study the dependence of the shock related entities on [E, λ, γ, a].
One understands that such a choice of [E, λ, γ, a] will indeed provide the generic profile for
the aforementioned dependence. Consider a set of fixed values [λ1, γ1, a1] to study the depen-
dence of, say, the shock location rsh on the available (for which the shock forms, subjected to the
fixed set [λ1, γ1, a1]) range of the specific energy starting from Emin to Emax. Such ‘rsh−E′ profile
can also be explored for any other fixed set, say [λ2, γ2, a2] for which the Rankine Hugoniot con-
dition gets satisfied, only with the obvious difference that the numerical values corresponding
to Emin and Emax associated with the flow described by
[
λ2, γ2, a2
]
will be different as com-
pared to the values of Emin and Emax corresponding to the initial boundary conditions defined by[
λ1, γ1, a1
]
. Hence for any set of values
[
λ, γ, a
]
for which the shock forms, the dependence of
rsh on E can be studied. Similarly, the dependence of any shock related entity on any one of the
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initial boundary conditions [E, λ, γ, a] can be studied for a fixed set of values of the rest of the
initial boundary conditions for which a shocked multi-transonic accretion configuration can be
realized.
We observe that the shock location correlates with the specific angular momentum λ and anti-
correlates with the specific energy E and the polytropic index γ. Such trends are independent of
the black hole spin parameter, and hence remain the same for the maximally rotating Kerr as
well as for a non-rotating Schwarzschild black hole. The aforementioned dependence does not
explicitly provide any information about the dependence of the shock related quantities on the
nature of the space time metric10. In this work, we are, however, mainly interested to study how
the properties of the post shock flow at the close proximity of the event horizon are influenced
by the spin parameter of the astrophysical black holes. Since that spin parameter determines
the spacetime metric, our motivation is to study how the properties of the transonic black hole
accretion are determined by the nature of the black hole metric. In the subsequent sections we
study the dependence of the shock location as well as other shock related properties on the Kerr
parameter in greater detail.
7.1. Dependence of the shock location on black hole spin
The characteristic features of the shocked accretion for the entire range of the Kerr parame-
ter, for the prograde as well as for the retrograde flow, can not be studied for any single fixed
set
[E, λ, γ]. No such fixed set is available for which the Rankine Hugoniot conditions are sat-
isfied for the entire range of the Kerr parameters for the prograde ([0≥a≥1]), as well as for
the retrograde ([−1≥a≥0]) flow, respectively. This can easily be shown by plotting the region[E, λ, γ, a]mca embedded in the entire four dimensional hypersurface [E, λ, γ, a]⊃ [E, λ, γ, a]mca
to ensure that no single value of
[E, λ, γ] is available for which even a multi-critical solution,
let alone a multi-transonic shocked solution, exists for (-1≤a≤1). We have chosen three differ-
ent representative sets
[E = 1.00001, λ = 2.6, γ = 1.43] , [E = 1.00001, λ = 2.17, γ = 1.43] and[E = 1.00001, λ = 2.01, γ = 1.43] to cover a significant range of the low to moderately high
(0.2 <∼ a <∼ 0.5), high (0.85 <∼ a <∼ 0.925), and very high (0.9655 <∼ a <∼ 0.99) values of the black
hole spin, respectively, to study the dependence of rsh on the black hole spin for prograde flow.
Such values of [E, λ, γ] are chosen to maximize the available range of the Kerr parameter (for
which the shock forms) for three different spans of the black hole spin mentioned above. This
is to avail such range by minimally varying the initial configuration. For three different ranges,
only the specific angular momentum λ, that too by a rather small amount, has been varied for
each set of initial
[E, λ, γ], by keeping the subset [E, γ] at its fixed value.
As a representative value, we take
[E = 1.00001, λ = 3.3, γ = 1.4] to cover a reasonably large
range of the black hole spin for which the shocked multi-transonic accretion solution can be
constructed for the retrograde flow. In Figure 3, we plot the shock location rsh as a function
of the Kerr parameter a for there prograde flow with fixed set of [E = 1.00001, γ = 1.43] and
for three different values of λ (as shown in the figure) for three different ranges of the Kerr
parameters (as mentioned in the figure) for which the multi-transonic shocked solutions can be
constructed. We observe that the shock location non-linearly correlates with the black hole spin
for the prograde flow. We infer that for similar initial conditions describing the flow, the shock
forms closest to the event horizon for a Schwarzschild type black hole, and furthest from the
10We are dealing with non-self-gravitating accretion, hence no back reaction is considered and the metric is determined
exclusively by the properties of the black hole itself.
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event horizon for an extremal rotating Kerr black hole. We find the same ‘rsh − a′ profile for the
retrograde flow as well. In Figure 4 the shock location is plotted against the black hole spin for
the retrograde flow characterized by [E = 1.00001, λ = 3.3, γ = 1.4].
7.2. Dependence of shock induced flow variables on black hole spin
We would like to study how the characteristic dynamical and the thermodynamic features of the
post shock flow are influenced by the black hole spin. One way of looking at this problem is to
study the ratio of the pre (post) to the post (pre) shock values of various accretion variables. Such
a ratio serves as a marker of how the presence of a stationary shock introduces a sudden change
in the value of the flow variables which in turn make a observable difference in the characteristic
black hole spectra. For any flow variable f , f− denotes its pre shock value evaluated at the
shock location on the transonic solution passing through the outer sonic point and f+ denotes its
post shock value evaluated at the shock location on the transonic solution constructed through
the inner sonic point. For prograde flow characterized by [E = 1.00001, λ = 2.6, γ = 1.43], in
figure 5 we plot the ratio of the pre to the post shock Mach number (M−/M+), and post to the pre
shock flow temperature (T+/T−), density (ρ+/ρ−) and pressure (p+/p−), respectively. (M−/M+) is
termed as the shock strength as mentioned earlier and (ρ+/ρ−) is termed as the shock compression
ratio. The shock strength anti-correlates with the shock location. The closer the shock forms to
the event horizon, the higher the gravitational potential energy liberated resulting the formation
of a stronger shock. A strong shock also compresses the flow by a considerable amount. As a
result (since the shock as well as the flow under consideration is assumed to be energy preserving)
the temperature and the pressure of the flow also increases. Thus [(ρ+/ρ−) , (T+/T−) , (p+/p−)]
anti-correlates with the shock location and hence with the black hole spin angular momentum
(the Kerr parameter a).
Identical trends are observed for two other ranges of the black hole spin parameters explored
(characterized by [E = 1.00001, λ = 2.17, γ = 1.43] and [E = 1.00001, λ = 2.01, γ = 1.43]) in this
work for the prograde flow, as well as for the retrograde flow characterized by [E = 1.00001,
λ = 3.3, γ = 1.4]. Such ‘ [(M−/M+) , (ρ−/ρ+) , (T+/T−) , (p+/p−)] − a′ variation for the retro-
grade flow has been represented in figure 6. We observe weakly rotating (low λ), hot (high E),
purely non relativistic (high γ) flow to form the strongest shock (the shock forms closest to the
event horizon) for black hole with any value of the intrinsic spin angular momentum, i.e., the
Kerr parameter a, and accretion onto a Schwarzschild black hole undergoes a strong shock tran-
sition compared to the case when matter with the same dynamical and thermodynamic properties
accretes onto a Kerr hole. This summarizes how the shock formation phenomena and the prop-
erties of a multi-transonic flow get influenced by the space time metric (characterized by a), the
dynamical (characterized by [E, λ]) and the thermodynamic (characterized by γ) properties of
the accreting material.
As mentioned earlier, in this work we did not consider viscous transport of angular momen-
tum, rather the specific angular momentum has been parameterized by astrophysically relevant
constant numbers. Owing to the fact that the accretion flow considered in this work has small
amount of rotational energy and considerable advective velocity, the infall time scale is much
smaller than the viscous time scale and inviscid flow assumption is not unjustified - especially
for the supersonic part of the flow. For viscous accretion, specific energy would not be a first in-
tegral of motion, and the differential equation for the conservation of angular momentum would
also to be taken into account. That clearly is beyond the scope of the present work. However, one
can intuitively predict the possible modifications incurred by the inclusion of the viscous effects
in the results obtained using our simple inviscid flow model.
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Figure 9: Variation of the quasi-terminal Mach number (upper left panel), quasi-terminal density (upper right panel),
quasi-terminal temperature (lower left panel) and the quasi-terminal pressure (lower left panel) with the Kerr parameter a
(plotted along the abscissa) for shocked (dashed red line) and for the hypothetical shock free (solid black line) prograde
flow characterized by [E = 1.00001, λ = 2.01, γ = 1.43].
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Figure 10: Variation of the quasi-terminal Mach number (upper left panel), quasi-terminal density (upper right panel),
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One of the significant effects of the viscosity is to reduce the local value of the specific an-
gular momentum at every radial distance of a stationary axisymmetric flow. It is found that the
location of the sonic points anti-correlates with the specific flow angular momentum λ. Weakly
rotating flow produces the steeper value of the space gradient of the advective velocity. This
indicates that the introduction of viscosity (reduction of the local angular momentum at any rep-
resentative radial distance) the transonic surfaces will be pushed further out, and consequently
associated shock locations would also change, for the same set of initial boundary conditions.
Construction of the full space time dependent viscous shock solutions in the Kerr metric,
even using fully numerical scheme, is far from reality at this moment as we believe. Even forty
years after the discovery of the [139] α prescription, exact modelling of viscous flow by explicitly
incorporating appropriate dissipative mechanics is still a recalcitrant task to accomplish even for
a purely Newtonian flow, let alone for general relativistic accretion in the Kerr space time. Any
immediate comparison of our present work with existing simulation results (related to the viscous
shocked black hole accretion) does not seem to be possible at this stage as we believe.
8. The influence of black hole spin on quasi-terminal values
In this work, the numerical value of any accretion variable V evaluated at a very close proximity
rδ = r+ + δ (r+ = 1 +
√
1 − a2, and δ being a small number lying within the open interval
0 < δ << 1) of the event horizon is dubbed as the corresponding ‘quasi terminal value’ of V ,
and is distinguished by a subscript δ. The quasi-terminal value Vδ is computed by integrating the
flow equations (along the stationary transonic branch) from the critical point rc down to rδ. We
take δ = 0.001GMBH/c2 and perform our calculation for Vδ for a 3×106M⊙ black hole accreting
at a rate of 4.29 × 10−6M⊙Yr−1. Such values of MBH and ˙M corresponds to our Galactic centre
black hole and its environment where low angular momentum inviscid advective accretion model
is considered as an appropriate approximation [see, e.g., 63, and references therein]. MBH and
˙M used in this work are two representative values, and any other value for the black hole mass
as well as for the accretion rate can be considered for our calculation of Vδ.
For any generic flow variable V we calculate the corresponding Vδ along two branches, either
along the solution ABB1CC1IJ (see figure 1 and figure 2) for a multi-transonic shocked accre-
tion flow, or for a hypothetical shock free solution ABB1CDE passing through the outer sonic
point only. For the same set of initial boundary condition [E, λ, γ, a], the dependence V shock
δ
and
Vno shock
δ
on the black hole spin angular momentum as well as on [E, λ, γ] can be studied to esti-
mate the impact of the shock formation phenomena in determining the properties of the matter
extremely close to the black hole. This in turn helps to infer the influence of the shock formation
on the observable spectra generated by the photon flux emanating out from the region inside the
ISCO.
For co-rotating flow, in Figure 7 we plot the variation of the quasi-terminal values of the
Mach number (Mδ, the top left panel), flow density (ρδ in CGS units, top right corner), bulk
ion temperature (Tδ, in units of degree Kelvin, bottom left panel) and pressure (pδ in CGS unit,
bottom right panel) respectively, for both shocked solution (solid red line) and for the shock
free solution (dashed blue line) on the black hole spin for multi-transonic flow characterized
by [E = 1.00001, λ = 2.6, γ = 1.43]. Similar dependence is shown in figure 8 and figure 9 for
other ranges of the Kerr parameter for which multi-transonic shocked flow can be described by[E = 1.00001, λ = 2.17, γ = 1.43] and [E = 1.00001, λ = 2.01, γ = 1.43], respectively. For the
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same set of
[E, λ, γ, a], we find that Mshock
δ
< Mno shock
δ
and ρshock
δ
< ρno shock
δ
, whereas T shock
δ
>
T no shock
δ
and pshock
δ
> pno shock
δ
.
From Figure 1, one observes that for any r < rins , the value of Mach number evaluated along
the transonic solution passing through the outer sonic point is always greater than that evaluated
on the transonic solution passing through the inner sonic point. At the shock, the Mach number
decreases discontinuously, and although the value of the Mach number shoots up at a very high
rate (the space gradient of the Mach number, i.e., dM/dr, becomes large), the Mach number for
the supersonic flow in the post shock region can never exceed the value of the Mach number
associated with the supersonic segment of the shock free solution at any r since in that case the
post shock supersonic flow would have to intersect the shock free supersonic solution on ‘M −
log10(r)′ plane. Such a crossover is not allowed since no two phase topologies can intersect on a
phase plane. Hence what actually one observes is (dM/dr)shock > (dM/dr)no shock but the trend
Mshock
δ
< Mno shock
δ
is maintained. At the extreme close proximity of the event horizon (rδ <<
0.001) the post shock supersonic branch asymptotically approaches the shock free supersonic
branch, hence Mshock
δ
−→Mno shock
δ
for such an extremely small value of rδ. Nevertheless, the
criteria Mshock
δ
−Mno shock
δ
,0 remains valid for for all values of rδ, however small rδ can be made.
A similar situation is observed for the variation of ρδ with the spin as well. Although the
density increases at the shock, close to r+ the flow density corresponding to the shocked flow
makes a crossover with the density profile corresponding to the shock free transonic flow, and
starts decreasing gradually as has been observed in figure 2. For the flow temperature and pres-
sure, no such crossover takes place and hence the trends T shock
δ
> T no shock
δ
and pshock
δ
> pno shock
δ
are uniformly maintained, see, e.g., Figure 2. Similar ‘ [Mδ, ρδ, Tδ, pδ] − a′ profiles are observed
for the retrograde flow as well, see, e.g., Figure 10 for such variations for the counter-rotating
accretion.
8.1. Dependence of quasi-terminal values on [E, λ, γ]
We also study the dependence of the quasi-terminal values on the specific energy E (figure 11),
specific angular momentum λ (figure 12), and the flow adiabatic index γ (figure 13). For all such
cases the following trend is found
Mshockδ < M
no shock
δ , ρ
shock
δ < ρ
no shock
δ , T
shock
δ > T
no shock
δ , p
shock
δ > p
no shock
δ (44)
as has been observed for the black hole spin dependence of [Mδ, ρδ, Tδ, pδ].
In this work our prime motivation was to explicitly demonstrate how the black hole spin in-
fluences the properties of accreting matter sufficiently close to the horizon – mainly for shocked
multi-transonic accretion flow – but also for shock free mono-transonic stationary accretion solu-
tions as well, to provide a holistic approach. A limited part of [E, λ, γ, a] ∈ [1 <∼ E <∼ 2, 0 < λ≤4,
4/3≤γ≤5/3,−1≤a≤1] forms shock. The choice of [E, λ, γ] for which the spin dependence of
multi-transonic stationary flow can be studied is constrained by the fact that the general rela-
tivistic Rankine Hugoniot conditions, as presented in eq. (43), are to be satisfied for the afore-
mentioned set of [E, λ, γ, a]. To study the spin dependence one needs to have an appropriate
combination of the Kerr parameter a (the span of a for which the dependence is to be examined)
with
[E, λ, γ].
It is to be understood that along with [E, λ, γ, a], one has to specify the mass of the black
hole MBH and the corresponding accretion rate ˙M as well to evaluate the quasi-terminal pressure
and density. Appropriate choice of
[
MBH, ˙M
]
was selected from the values corresponding to the
Galactic centre black hole. If one would like to study the spectral signature of the black hole
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spin for a particular astrophysical candidate, one has to specify/find from the observational data,
the values of
[
E, λ, γ, a,MBH, ˙M
]
. For accretion flow in a pseudo-Schwarzschild space time, such
values has been estimated for SgrA* [63, 140, 141].
For complete general relativistic flow in the Kerr metric,
[E∼1.000004, λ∼2.16, γ∼1.6,MBH∼
3 × 106M⊙, ˙M∼4.29 × 10−6M⊙Yr−1
]
can be used, which is in accordance with the relevant ob-
servational values corresponding to the Galactic centre black hole11, see, e.g., [63, 140] and
references therein.
The value of black hole spin for which shock forms for the above mentioned accretion pa-
rameters can be determined. Shock related dynamical and thermodynamic variables can then be
estimated to reproduce the observed spectra of SgrA*. In this way it will be possible to predict
the value of the black hole spin of a particular astrophysical candidate if the initial boundary
conditions determining the accretion flow are observationally known a priory. This, however,
requires a detail formalism capable of constructing the spectra using our dynamical model pre-
sented in this paper. Such calculations are, however, considerably involved, and are beyond the
scope of this work.
9. Spin dependence of quasi-terminal values for the stationary mono-transonic accretion
It is instructive to investigate whether the characteristic feature of the black hole spin dependence
of the quasi-terminal values remain invariant for a direct spin flip of the astrophysical black
hole. In other words, we would like to understand whether the ‘ [Mδ, ρδ, Tδ, pδ] − a′ profile
gets significantly altered when the initial boundary conditions are switched from [E, λ, γ, a]to[E, λ, γ,−a]. One understands that such exercise can not be performed for the multi-transonic
accretion since the Rankine-Hugoniot conditions can not be satisfied for a certain [E, λ, γ, a]as
well as for the same (magnitude wise) values of the [E, λ, γ] and a but with the oppositely signed
value of a, i.e., for
[E, λ, γ,−a]. This is a consequence of the fact that [E, λ, γ, a]mcas does not
allow any parameter degeneracy.
Construction of the stationary mono-transonic solutions, however, are not constrained by
such limitations and one can obtain such solutions when [E, λ, γ, a]gets directly swapped to[E, λ, γ,−a]. We choose a suitable set of values of [E = 1.2, λ = 2.0, γ = 1.6] for which a sta-
tionary transonic accretion solution can be constructed for the entire range of the black hole spin,
i.e., for −1≤a≤1. A considerably slowly rotating substantially hot and almost purely non rela-
tivistic flow allows us to study the black hole spin dependence of the quasi-terminal values for
the entire range of the Kerr parameters describing both the prograde and the retrograde accretion.
For such flow configurations, we obtain that the critical as well as the sonic points are always of
the innermost type saddle one. The location of the critical and the sonic points are found to be at
close proximity of r+ for the prograde accretion onto a maximally rotating hole, and are formed
at the maximally allowed distance of approximately (4 − 4.5)GMBH/c2 unit for the retrograde
accretion onto maximally rotating hole with the negative value of the spin parameter. The value
of ∆rsc = (rc − rs) thus comes out to be minimum for a → 1 and maximum for a → −1. For
mono-transonic accretion, in figure 14 we show the dependence of [Mδ, ρδ, Tδ, pδ] on the black
hole spin parameter for the entire range of −1≤a≤1.
11The value of E has been estimated from the electron temperature, the value of the specific angular momentum λ has
been estimated from the flow geometry and the geometrical configuration of the mass flow as well as from the dynamics
of the donors, and the value of the adiabatic index can be obtained from the radiative properties of the gas falling onto
SgrA*.
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10. Linear stability analysis of the stationary solution
In this work, our entire analysis of the multi-transonic flow at the vicinity of the hole is based
on the phase space behaviour of the stationary integral solutions. Hence it is important to ensure
that such stationary configurations are stable as well, at least upto the limit of astrophysically
relevant time scales. [142] was the first to perform the stability analysis of relativistic flow for
spherically symmetric accretion. For the flow model discussed in our work, the stability analysis
can be accomplished by studying the time evolution of a linear acoustic like perturbation applied
around a stationary configuration. We will first demonstrate that the axisymmetric accretion
can be considered as potential flow and will thus identify the corresponding velocity potential.
Next we perturb such velocity potential and will prove that such perturbation will not diverge to
destabilize the original stationary solution of our interest. In the following part we present the
analysis for irrotational, entropy conserving flow solutions in general, which necessarily includes
the stationary ones.
From Thermodynamics,
dh = Td
(
s
ρ
)
+
dp
ρ
(45)
For polytropic flow along a specified streamline, we have from eq. (24) ,
hvµ(ρvν);ν + ρvν(hvµ);ν + p,νgµν = 0. (46)
Since due to specific entropy conservation along a streamline, dh = dp
ρ
, from eq. (25) one obtains,
vν(hvµ);ν + ∂µh = 0. (47)
We define Ωαβ ≡ PµαPνβωµν to be the vorticity of the flow, where ωµν ≡ (hvµ);ν − (hvν);µ, and
Pβα ≡ δβα + vαvβ is the projection tensor.
Since Ωαβ = 0 for irrotational flow, we obtain
ωαβ + vβv
νωαν + vαv
µωµβ + vαv
µvβv
νωµν = 0. (48)
The 2nd, 3rd and the 4th terms in the above expression vanish owing to the relation vµvµ = −1
and by virtue of eq. (47). We thus obtain ωαβ = 0 which implies
(hvα);β − (hvβ);α = 0. (49)
Eq. (49) indicates that there exists a 4-scalar Ψ such that,
hvα = −∂αΨ. (50)
Ψ is the velocity potential of the flow.
Solutions (subjected to different initial boundary conditions) describe the vorticity free poly-
tropic flow. Evidently the flow is entirely determined by the solutions corresponding to the veloc-
ity potential Ψ. To analyse the stability of such solutions we may introduce small perturbations
on the solutions which satisfy Eq. (50) and investigate whether such perturbations may eventu-
ally grow to mask the original solutions. If such perturbation does not diverge, the stationary
solutions are proved to be stable within our framework.
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Applying small perturbation on the background values of the flow variables as, h → h + δh,
ρ → ρ + δρ, vµ → vµ + δvµ, we obtain,
hvµ + δh vµ + hδvµ = ∂µΨ + ∂µδΨ.
Perturbation of the relativistic continuity equation, i.e., (ρvµ);µ = 0, provides,
(δρ vµ);µ + (ρδvµ);µ = 0.
Using the relation, vµδvµ = 0, and denoting δΨ by ˜f , we obtain,
∂µ
(√−gρh
[
gµν −
{
1 − 1
c2s
}
vµvν
]
∂ν ˜f
)
= 0. (51)
For axisymmetric flow configurations as considered in our work,
vµ =
(
vt, vr, 0, vφ
)
,
and from radial propagation of perturbation we obtain,
∂ν ˜f ≡
(
∂t ˜f , ∂r ˜f , 0, 0
)
.
Substituting these conditions into the eq. (51), it reduces to,
∂µ( f µν∂ν ˜f ) = 0; (52)
where µ and ν run for 0 and 1 and
f µν = √−gρh
[
gµν −
{
1 − 1
c2s
}
vµvν
]
.
Eq. (52) is the equation which determines the time evolution of the first order linearly perturbed
velocity potential (see [142, 143]).
Substitution of the trial acoustic wave solution of the form ˜f = ˜fω exp(−iωt) into the equa-
tion (52) yields,(
−ω2
)
f tt ˜fω + (−iω)
[
f tr ˜fω,r + f rt,r ˜fω + f rt ˜fω,r
]
+
[
f rr,r ˜fω,r + f rr ˜fω,rr
]
= 0.
The space dependent part ˜fω is expressed in terms of the trial power series of the following
form,
˜fω(r) = exp
 ∞∑
n=−1
kn(r)
ωn
 ,
and it is examined whether the solution is bounded within the finite limit at the outer boundary
as r → ∞. Collecting the coefficients of the same power of ω (ω >> 1) together we obtain,
for ω2containing terms, − f tt − 2i f tr dk−1dr + f
rr
(
dk−1
dr
)2
= 0, (53)
for ω1containing terms, − 2i f tr dk0dr − i
d f tr
dr +
d f rr
dr
dk−1
dr + f
rr
[
2 dk−1dr
dk0
dr +
d2k−1
dr2
]
= 0, (54)
for ω0containing terms, − 2i f tr dk1dr +
d f rr
dr
dk0
dr + f
rr
2 dk−1dr dk1dr +
(
dk0
dr
)2
+
d2k0
dr2
 = 0. (55)
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The leading order coefficients turn out to be (from eq. (53)),
k−1 = i
∫ f tr ± √( f tr)2 − f rr f tt
f rr dr (56)
and substituting back into the eq. (54) we obtain,
dk0
dr =
d f rr
dr
dk−1
dr + f rr d
2k−1
dr2 − i
d f tr
dr
2i f tr − 2 f rr dk−1dr
=
d
dr
(
i f rr f tr±
√
( f tr)2− f rr f tt
f rr
)
− i d f trdr
2i f tr − 2i f rr f tr±
√
( f tr)2− f rr f tt
f rr
;
which, upon further simplification becomes
dk0
dr = −
1
2
d
dr
(
±
√
( f tr)2 − f rr f tt
)
(
±
√
( f tr)2 − f rr f tt
) . (57)
Hence we find,
k0 = −
1
2
ln
(√
( f tr)2 − f rr f tt
)
. (58)
From eq. (55) we obtain
dk1
dr =
[
d f rr
dr
dk0
dr + f rr
( dk0
dr
)2
+ f rr d2k0dr2
]
2
[
i f tr − f rr dk−1dr
] . (59)
From Eq. (52) using expressions of contravariant metric elements as defined on the equatorial
plane in Eqs. (15), one obtains,
f tt = √−gρh
A
r2∆
[(
1 − 1
c2s
)
γ2L − 1
]
, (60a)
f rr = √−gρh
∆
r2
(
(1 − 1
c2s
) u
2
1 − u2 + 1
)
, (60b)
f rt = √−gρh
γL
√
A
r2
(1 − 1
c2s
) u√
1 − u2
. (60c)
It is easy to see that in the asymptotic limit r → ∞, ∆ ∼ r2 and A ∼ r4. At that limit ρ tends
to a constant ambient value, denoted by ρ∞ and subsequently h tends to its ambient value h∞, as
also cs tends to some ambient value cs∞. The Lorentz factor γL tends to unity for accretion at the
outer boundary condition.
To find out the the asymptotic behaviour of u, we make use of the eq. (33). It turns out that
u√
1 − u2
∼ 1
ρA ;
40
whereA is 4πHzr for the flow considered within the framework of the cylindrical symmetry. It is
to be noted that Hz is constant for the accretion with constant flow thickness. For axisymmetric
accretion in vertical equilibrium,
Hz =
√
2
γ + 1
r2
[ (γ − 1)c2s[
γ − (1 + c2s)
] [
λ2E2/h2 − a2(E/h − 1)]
] 1
2
∼ r2.
On the other hand for conical model described within the framework of spherical symmetry for
−Hθ ≤ θ ≤ Hθ, the area A is 4πHθr2, where Hθ is constant for a disc. Hence for all the flow
configurations at asymptotic limit r → ∞, A ∼ rα where α ≥ 1. Thus,
u√
1 − u2
∼ 1
rα
,
at this asymptotic limit.
Now it becomes apparent from equations (60) that,
f tt ∼ √−g, (61a)
f rr ∼ √−g, (61b)
f rt ∼
√−g
rα
. (61c)
Substituting the expressions obtained in eq. (61) into Eqs. (56), (58) and (59) one readily
obtains that k−1 ∼ r, k0 ∼ ln r and k1 ∼ 1/r at the asymptotic limit. Hence for the first three terms
in the trial power series solution for the space dependent part of the perturbation it is evident
that ω|K−1| >> |k0| >> |k1|/ω for the high frequency regime at the asymptotic solution. This
indicates that ωn|kn| >> ωn+1|kn+1|, or in other words the power series converges even at the outer
boundary of the flow, ruling out any divergence of any possible perturbing component of Ψ from
the solution of eq. (50) for a particular set of boundary conditions.
In this work, we studied how the stationary accretion solutions in the Kerr metric behaves
close to the black hole hole horizon. The dependence of such behaviour on the black hole spin
was also studied. By employing a suitable stability analysis scheme we ensure that such station-
ary solutions (which constitute a sub-category of the potential flow, in general) are stable, and
hence any spectral profile which might be constructed out of those solutions are reliable, at least
upto an astrophysically relevant time scale.
11. Discussion
The majority of works in the literature on the role of the black hole spin in influencing the
accretion dynamics are focused on high angular momentum disk-like flows, with the central role
payed by the Innermost Stable Circular Orbit (ISCO). Even in existing works on low angular
momentum ADAF/MCAF type flow, the issue of multi-transonicity has not been accounted for.
SgrA* and M87 are the two most appropriate candidates for direct imaging of the flow close to
the black hole horizon since the angular size of the black hole horizon is by far the largest in
these two sources due to the interplay between the black hole mass (hence on horizon radius),
and the distance to the source from us. The exact value of the angular momentum of the inflowing
material for the aforementioned two sources is difficult to estimate, and the current evaluations
indicate values ranging from moderate [144] to quite low [63].
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The present constraints inferred on the unresolved components in these two sources in the
mm bands are already very impressive [145, 146]. In the future, VLBI with the Event Hori-
zon Telescope will bring us still much closer to the central compact object for these sources
[147]. In order to understand the salient features of these images as well as the properties of the
corresponding broad band radiation spectra we need to predict the emissivity distribution and
construct the expected black hole silhouettes for various models using the ray tracing techniques
[25–27, 148–150].
A sizable amount of work in this direction has been performed for high angular momentum
flows and for ion tori (e.g. [151]). The results given in our present paper paper form a starting
point for complementary study for the case of low angular momentum accretion. In our next work
(Das & Huang, in preparation), we plan to perform the black hole shadow imaging corresponding
to the low angular momentum axisymmetric accretion as considered in this work.
In our present work we have studied the radial ion temperature profile as a function of the
Kerr parameter, as well as the dependence of the corresponding Tδ profile on the black hole
spin. Our ongoing calculation concentrates on the calculation of the electron temperature from
such ion temperature. Knowledge of such electron temperature, along with the density and the
velocity profile as calculated in our present work, will then provide us the complete knowledge
of the emitted polarized radiation in the millimeter and sub- millimeter band. We also plan to
study the influence of shock formation on the polarized emission of SgrA* using our flow model.
Results illustrated in Fig. 14 indicate a consistent asymmetry between the prograde and the
retrograde flow as far as the quasi-terminal values are concerned. The constructed shadow image
is also expected to manifest the asymmetry. We thus expect to propose a novel method to differ-
entiate the co-rotating and counter-rotating flow once we construct the corresponding spectra and
the associated shadow images out of the accretion variables as calculated using our flow model.
The observations of Sgr A* and M87 by [145, 146] seem to rule out counter-rotating flow since
the images are in both cases much smaller than ISCO. However, the argument applies only with-
ing the frame of disk-like accretion. Low angular momentum flow is much less influenced by the
position of the ISCO and the emissivity is more concentrated towards the center as perceived in a
spherically symmetric flow. Therefore, we believe that the construction of the predicted images
in the case of low angular momentum flows requires urgent attention.
We would like to conclude by pointing out that in this work we studied how the stationary ac-
cretion solutions in the Kerr metric behaves close to the black hole hole horizon. The dependence
of such behaviour on the black hole spin was also studied. By employing a suitable stability
analysis scheme we ensure that such stationary solutions (which constitute a sub-category of the
potential flow, in general) are stable, and hence any spectral profile which might be constructed
out of those solutions are reliable, at least upto an astrophysically relevant time scale.
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